Abstract. The effect of the Pauli exclusion principle on the nucleus-nucleus bare potential is studied using a new density-constrained extension of the Frozen-Hartree-Fock (DCFHF) technique. The resulting potentials exhibit a repulsion at short distance. The charge product dependence of this Pauli repulsion is investigated. Dynamical effects are then included in the potential with the density-constrained time-dependent Hartree-Fock (DCTDHF) method. In particular, isovector contributions to this potential are used to investigate the role of transfer on fusion, resulting in a lowering of the inner part of the potential for systems with positive Q-value transfer channels.
Introduction
A dream shared by many theorists working on the quantum many-body problem is to find a way to describe the tunnelling of a many-body wave-function. For instance, this would enable a fully microscopic description of subbarrier fusion, without other parameters than those of the energy density functional describing the interaction between the nucleons.
Such a tool could then be used to investigate the longstanding deep sub-barrier fusion hindrance puzzle [1] [2] [3] (see Ref. [4] for a review). It is also crucial to predict fusion cross-sections in systems such as 12 
C+

12
C at astrophysical energies in order to get a deeper insight into stellar nucleosynthesis mechanisms (see, e.g., Ref. [5] and the contributions to this conference from S. Courtin, G. Fruet, E. Rehm, and N. T. Zhang for recent works). In addition, it would help guiding experimental programs aiming at studying the impact of exotic structures (e.g., neutron-skins and pigmy dipole resonances) and of the continuum on fusion (see Refs. [6] [7] [8] and contributions from D. Bazin, J. Kolata, R. T. de Souza and G. Colucci for new or recent experimental programs).
However, such a theory is not yet available. Indeed, microscopic descriptions of fusion reactions are based on mean-field approximations, such as the time-dependent Hartree-Fock (TDHF) theory, which do not account for tunnelling of the many-body wave function. This is because more than one mean-field is required to describe the outcome of a near-barrier reaction (one for the fused system and one for the outgoing fragments). Figure 1 shows TDHF density evolutions for 16 O+ 16 O central collisions at near barrier energies, one leading to fusion (just above the barrier) and one leading to two oute-mail: cedric.simenel@anu.edu.au
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Fully microscopic approach to tunnelling! Figure 1 . Example of isodensities obtained from TDHF calculations of 16 
O+
16
O central collisions at energies slightly below (red) and just above (blue) the fusion barrier. Adapted from [9] . going fragments (below the barrier). We see that both collisions lead to density distributions occupying different regions of space. Thus, sub-barrier fusion, associated with non-zero fusion and scattering probabilities, cannot be described with a single local mean-field. In TDHF, fusion probabilities are then either 0 or 1 for a given initial condition.
A (temporary) solution is to reduce the many-body description to a two-body system (though it often oversimplifies the problem) where the fusion probability is computed from the transmission through a microscopically derived nucleus-nucleus potential (see, e.g., Refs. [10] [11] [12] [13] ).
In the present contribution we review recent microscopic methods to determine the nucleus-nucleus potential and use them to predict fusion cross-sections. First, we discuss the standard frozen Hartree-Fock (FHF) approach in section 2. We then extend this approach in section 3 to incorporate the effect of the Pauli exclusion principle between nucleons belonging to different collision partners using a new density-constrained extension of the Frozen-Hartree-Fock (DCFHF) technique. The effect of Pauli repulsion on deep sub-barrier fusion is then discussed in section 4. Finally, dynamical effects are studied in section 5 using the density-constrained timedependent Hartree-Fock (DCTDHF) method. In particular, the isovector contributions to the dynamical potential are used to get a deeper insight into the effect of transfer on fusion.
The frozen Hartree-Fock (FHF) method
A standard approach is to compute the bare nucleusnucleus potential from frozen static Hartree-Fock (HF) ground-state densities [14, 15] using the energy density functional approach of Brueckner et al. [16] . The HF ground-state of a nucleus is obtained by solving the variational principle
where |Φ is an independent many-fermion state which can be written as a Slater determinant of the occupied singleparticle states, ensuring a full account of the Pauli exclusion principle in the ground-state density. At the mean-field level, the state |Φ contains the same information on the system as the one-body density matrix ρ. The energy of the system can then be written as an energy density functional (EDF) E[ρ]. In practice, the Skyrme EDF [17] is often used, where the energy density H(r) only depends on the local part of ρ and of its derivatives,
where ρ(r), τ(r), and J(r) are the local particle, kinetic, and spin-orbit densities, respectively. These densities are symmetric under time-reversal transformations. For systems for which this symmetry does not hold, other densities such as the current density j(r) need to be taken into account.
The method proposed by Brueckner [16] to get the potential (assumed to be central) between the nuclei at a distance R is to compute the total energy of the system from the sum of the densities and subtracting the individual ground-state energies:
where ρ 1 and ρ 2 are the HF ground-state one-body density matrices of the nuclei separated by a distance R.
It is important to note that, although the Pauli exclusion principle is properly accounted for between nucleons belonging to the same nucleus, it is neglected between nucleons of different nuclei. The problem comes from the the GMR in 40 Ca. This is usually the case for the GMR in light nuclei (see, e.g., Ref. [26] for a study of the GMR in 16 O). However, the spreading width becomes dominant in the GMR of heavy nuclei (see, e.g., a study of the GMR in 208 Pb in Ref. [10] ).
A (temporary) solution
Finally, it is worth mentioning that recently similar TDHF calculations have been performed to study the direct decay from the GMR in 16 O [26] . The spectrum of emitted nucleons exhibits structures which reflect the single-particle structure of the nucleus. To some level, GR direct decay by nucleon emission could then be used to investigate the shell levels in light nuclei.
Fusion mechanism
The merging of collision partners into a compound system is a complex, highly non-linear, and irreversible process. It is strongly coupled to internal structures of the colliding partners resulting from their quantum nature, as well as other reaction mechanisms such as (multi)-nucleon transfer.
Path to fusion in light systems
The reaction mechanisms depend on the characteristics of the nuclei and in particular on their mass and charge. Bringing light nuclei into contact is usually su cient to cause them to fuse. This is illustrated in Fig. 4 where the nucleus-nucleus potential in 16 
O+
16
O is plotted as a function of the relative distance R between the nuclei. We define R as the distance between the centers of mass of the matter distribution on each side of the neck. The potential is obtained from the frozen-HF technique, where the energy of the system is computed from the EDF considering HF densities at a fixed distance. As a result, the fusion barrier, generated from the competition between the nuclear and the Coulomb potentials, is reached at R ' 8. O system has been recently investigated with modern TDHF codes [47] . Fig. 4 also shows snapshots of the density at di↵erent distances from a TDHF calculation at about E c.m. = 12 MeV. We see that the two nuclei are still well separated when the fusion barrier is reached. A neck is formed inside the barrier, at ⇠ 7 fm. At R ⇠ 6 fm, the size of the neck increases and the fragments merge.
It is well known that fusion around the barrier is highly sensitive to the structure of the colliding nuclei, in particular to their low-lying vibrational modes (like those described in section 3.1.2) and to their rotational states [2] . The standard approach to describe the coupling between the relative motion and these internal excitations is the coupled-channel formalism [3] . However, TDHF calculations have also been used to describe the e↵ect of rotation and deformation on fusion [49, 50] . One advantage of the TDHF approach is that the coupling between the internal structure (e.g., low-lying vibrational and rotational modes) and the relative motion is included at all orders at the mean-field level. In particular, the energy of the states and their transition amplitudes are not input parameters of the calculations.
In addition, collective vibrations can appear built on any shape of the system during its path to fusion. In particular, the pre-equilibrium giant dipole resonance, which is excited in N/Z asymmetric collisions, has been studied in detail with modern TDHF codes [51] [52] [53] . It has been shown that the properties of the pre-equilibrium GDR could be used to infer the characteristics of the system on its path to fusion. For instance, a lowering of the preequilibrium GDR energy in comparison with the GDR in a spherical nucleus could be related to a large deformation of the compound system [52] .
Fusion hindrance and quasi-fission in heavy systems
As mentioned earlier, the path to fusion strongly depends on the mass and charge of the nuclei. In fact, unlike light systems, for the fusion of heavy systems contact between the reactants is clearly not su cient. Indeed, the latter exhibit fusion hindrance due to the quasi-fission mechanism. Mass flow between the reactants occurs, leading fact that the total system is described by summing densities instead of building a properly antisymmetrised manybody wave-function.
An example of such frozen Hartree-Fock (FHF) potential is shown in Fig. 2 O. The nuclear part is computed from the SLy4d parametrisation [18] of the Skyrme functional and the Coulomb potential includes both the direct and exchange (using the Slater approximation) contributions.
The surfaces represent isodensities at half the saturation density ρ 0 /2 = 0.08 fm . We see that, at the barrier, the nuclei are still relatively far from each other, indicating that the overlap between their densities is small. The Pauli exclusion principle is thus expected to play a minor role near the barrier in such light systems. Well inside the barrier, however, we see that the spatial overlap between the nuclei is more significant, and is then expected to lead to a "Pauli repulsion" [19] .
Pauli repulsion
In the past, Pauli repulsion has been accounted for in the nucleus-nucleus bare potential with various methods. For instance, a direct antisymmetrisation of the overlapping wave-functions (e.g., with a Graam-Schmidt algorithm), has been considered [19] [20] [21] . The problem with this technique is that it can potentially reduce the neck density inducing too large Pauli repulsion [22] . Another traditional method is to increase the kinetic density τ(r) (e.g., via the Thomas-Fermi model) [20, 21] . This method, however, neglects the effect of the Pauli exclusion principle on other terms of the functional, such as the spin-orbit term which has been shown to absorb a large part of the Pauli repulsion [22] . Thus, the Pauli exclusion principle has a more complicated effect than just increasing the kinetic energy of the nucleons.
The density-constrained frozen Hartree-Fock (DCFHF) method
The density-constrained frozen Hartree-Fock (DCFHF) approach was proposed in Ref. [22] . It is a new method to calculate microscopic bare nucleus-nucleus potentials
us-nucleus potential
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Inter-nuclear distance R (fm) taking into account the Pauli exclusion principle exactly. It can be seen as the static counterpart of the well established density-constrained time-dependent Hartree-Fock (DCT-DHF) method to compute instantaneous dynamical potentials in heavy-ion collisions [23] (see section 5). The DCFHF method is based on a similar variational principle as in Eq. (1) with additional constraints on the proton and neutron local densities,
where the distinction between proton and neutron densities has been omitted for clarity. The Lagrange parameters λ(r) constrain the density at each point r to be the sum of the HF ground-sate densities of the nuclei at a distance R. The independent particle state |Φ thus describes the entire system and is fully antisymmetrised so that the Pauli exclusion principle is accounted for exactly. It is used to compute the DCFHF potential via
(5) Figure 3 shows the FHF and DCFHF potentials in 16   O+   16 O. As expected, the inclusion of the Pauli exclusion principle has little effect near the barrier due to the small overlap between the nuclei. However, a Pauli repulsion is observed inside the barrier, increasing its width.
Charge product dependence
It is well known that the Coulomb barrier in light systems is obtained for small overlap between the nuclei (see Fig. 2 ), while in heavy systems more overlap is required for the strong nuclear interaction to counterbalance the larger Coulomb repulsion. It is then interesting to investigate the charge product dependence of the Coulomb repulsion. Figure 4 shows a comparison of DCFHF potentials in various systems. We observe an important increase of the Pauli repulsion in the heavier systems. The pocket becomes shallower with increasing charge product Z Pb case is extreme as the DCFHF calculation predicts that fusion is impossible at 3% below the barrier. In fact, a smooth transition toward an adiabatic potential for the compound system is expected [24] which would allow fusion to occur at lower energies.
Deep sub-barrier fusion hindrance
Wether the pocket inside the barrier is physical or not, one expects an increase of the barrier width due to Pauli repulsion and a resulting reduction of the tunnelling probability. Pauli repulsion could then provide a possible contribution to the deep sub-barrier fusion hindrance observed experimentally [1] [2] [3] .
Couplings to low-lying collective states
In order to predict deep sub-barrier fusion cross-sections, it is important to take into account couplings to low-lying collective states. This is done traditionally within the coupled-channel (CC) framework (see Ref. [25] for a recent review). The CC approach starts with an ion-ion potential whose origin does not include any excitations of the nuclei, that is, the "bare" potential. In that sense, FHF and DCFHF potentials, being computed from ground-state densities, can in principle be used in CC calculations.
However, in addition to the repulsion at short distance, the Pauli exclusion principle is expected to change the internal structure of the reactants and could then affect the coupling to low-lying collective states (see discussion in the supplemental material of Ref. [22] ). In particular, it could induce a damping mechanism of collective vibration during the fusion process which requires extension of the standard coupled-channel method [26] .
Moreover, potentials with Pauli repulsion in mediummass and heavy systems are often shallow (see Fig. 4 ), inducing numerical instabilities in CC calculations. This is illustrated in Fig. 5 (mb) Deep sub-barrier fusion 16 O+ 208 Pb the first octupole phonon (3 − state) in projectile and target produces a relatively good overall agreement with experimental data [2, 27] , we see that the behaviour at deep sub-barrier energies strongly depends on the choice of absorbing boundary conditions. Thus, to calculate fusion cross-sections at deep subbarrier energies, in particular their logarithmic slopes, we use a simpler one-barrier penetration model and an overall shift of the fusion cross-sections in order to account for the overall effect of the couplings as suggested in Ref. [2] .
The results are shown in Figs. 6 and 7. We observe a better agreement with experimental data at deep subbarrier energies for calculations with the DCFHF potential. In particular the logarithmic slope is improved. Nevertheless, discrepancies with experimental data remain, showing that the inclusion of the Pauli repulsion provides only part of the solution to the deep sub-barrier fusion hindrance problem. Deep sub-barrier fusion 16 O+ 208 Pb 
Other hindrance mechanisms
Let us pause to review briefly the other mechanisms invoked in the literature to explain deep sub-barrier fusion hindrance.
• Mişicu and Esbensen have argued that a pocket was formed inside the barrier due to the incompressibility of nuclear matter and the large density overlap between the nuclei [29] .
• Ichikawa, Hagino and Iwamoto suggested that the hindrance could be due to a smooth transition from sudden to adiabatic potentials [30] .
• Dasgupta and collaborators invoked a possible decoherence mechanism reducing the effect of the couplings to low-lying collective states [2] .
• The ANU group has investigated dissipation mechanisms induced by cluster transfer which could reduce the fusion probability [31, 32] .
• Ichikawa and Matsuyanagi have suggested the possibility of a reduction of the collectivity of vibrational modes on the way to fusion [26] .
The Pauli exclusion principle induces two additional possible fusion hindrance mechanisms. The first one is due to the widening of the barrier from Pauli repulsion. The second one is the alteration of the couplings and collectivity of the low-lying states (an effect analogous to Ichikawa and Matsuyanagi's idea) due to the change of the internal structure induced by Pauli blocking.
It is likely that more than one of the above effects contribute to the observed fusion hindrance at deep subbarrier energies. However, the incompressibility is unlikely to play a strong role. Indeed, standard FHF calculations properly account for this effect as they are based on a Skyrme EDF fitted to reproduce the incompressibility of infinite nuclear matter. Yet, these calculations do not show any hindrance (see Figs. 6 and 7) . It is more likely that the repulsion potential introduced phenomenologically by Mişicu and Esbensen in [29] is in fact simulating the effect of the Pauli repulsion [22] .
Apart from incompressibility, all the fusion hindrance mechanisms proposed above are in fact dynamical effects, involving time evolution in one way or another. We then naturally turn to a time-dependent generalisation of the DCFHF method to incorporate dynamical effects in the calculation of the potential.
The density-constrained time-dependent
Hartree-Fock method
The density-constrained time-dependent Hartree-Fock (DCTDHF) method has been widely discussed and used in the literature [10, 13, [33] [34] [35] [36] [37] . To get a nucleus-nucleus DCTDHF potential, the starting point is a TDHF calculation of a collision above the fusion barrier. The TDHF equation is the time dependent generalisation of the variational principle (1) O central collisions. At above barrier energies, a set of densities leading to the compact fused system is obtained. The idea behind DCTDHF is then to use these densities as constraints in Eq. (4) and to compute the potential from Eq. (5). The Pauli exclusion principle is included exactly as the TDHF density is obtained from a fully antisymmetrised state |Φ describing the entire system. Note that, as the DCTDHF potential already incorporates dynamical effects, it is not a bare potential and should not be used in coupled-channels calculations. An effect of the couplings between relative motion and internal excitations is to induce an energy dependence of the potential [13] .
(Isovector) transfer couplings
In a recent work [51] , we used the following decomposition of the energy density
where H 0 , H 1 and H C are the isoscalar, isovector, and Coulomb contributions, respectively, in order to separate the isoscalar (v 0 ) and isovector (v 1 ) contributions to the DCTDHF potential,
where V C is the Coulomb potential.
In the static case (e.g., FHF and DCFHF), the isovector potential v 1 vanishes. It is thus entirely induced by the isoscalar barrier is due to the isovector contribution. It is evident that the isovector dynamics results in the narrowing of the fusion barrier, thus resulting in an enhancement of the sub-barrier fusion cross-sections. The insert in Fig. 1 shows the isovector and isoscalar components without the Coulomb contribution. We have also calculated fusion barriers for the 40 Ca+ 40 Ca and 48 Ca+ 48 Ca systems, where the isovector contribution is zero as expected from symmetry.
As an example of a more asymmetric system we performed calculations for the 16 O+ 208 Pb system at E c.m. = 75 MeV. Results are shown in Fig. 2(a) . Here we see a substantial enhancement of sub-barrier fusion due to the isovector dynamics. For this system we have performed further calculations at c.m. energies of 90 MeV and 120 MeV shown in Fig. 2(b-c) . As the beam energy increases, the relative contribution from the isovector component to the total barrier decreases, while the overall barrier height increases with increasing energy. At TDHF energies much higher than the barrier height the total barriers approaches the frozen density barrier [54, 65] due to the inability of the system to rearrange at that time-scale at which time the isovector contribution vanishes as well. The above results demonstrate the influence of isovector dynamics on typical fusion barriers.
We next look at Ca+Sn reactions. The experimental observation of a sub-barrier fusion enhancement in the system 40 Ca+ 132 Sn as compared to more neutron-rich sys- tem 48 Ca+ 132 Sn study [66] , wher two systems ha barrier for the 4 for the 40 Ca+ 132 tion of the isosc This behavior i albeit the isovec the insert of Fig. for the 48 Ca+ 132 result is the van isovector reduct wider than that tial reduction oc for the 48 Ca+ 132 Q values for n tion of this phen also explain wh ering the 2 + an in coupled-chan barrier fusion cr 40 Ca+ 132 Sn sys In Ref. [17] , thi itself in the isov
In all the stud tion in the pres nels. This can b which quantitat the isoscalar barrier is due to the isovector contribution. It is evident that the isovector dynamics results in the narrowing of the fusion barrier, thus resulting in an enhancement of the sub-barrier fusion cross-sections. The insert in Fig. 1 shows the isovector and isoscalar components without the Coulomb contribution. We have also calculated fusion barriers for the 40 Ca+ 40 Ca and 48 Ca+ 48 Ca systems, where the isovector contribution is zero as expected from symmetry.
We next look at Ca+Sn reactions. The experimental observation of a sub-barrier fusion enhancement in the system 40 Ca+ 132 Sn as compared to more neutron-rich sys- tem 48 Ca+ 132 Sn study [66] , wher two systems ha barrier for the 4 for the 40 the isoscalar barrier is due to the isovector contribution. It is evident that the isovector dynamics results in the narrowing of the fusion barrier, thus resulting in an enhancement of the sub-barrier fusion cross-sections. The insert in Fig. 1 shows the isovector and isoscalar components without the Coulomb contribution. We have also calculated fusion barriers for the 40 Ca+ 40 Ca and 48 Ca+ 48 Ca systems, where the isovector contribution is zero as expected from symmetry.
We next look at Ca+Sn reactions. The experimental observation of a sub-barrier fusion enhancement in the system 40 Ca+ 132 Sn as compared to more neutron-rich sys- tem 48 Ca+ 132 Sn was the subject of a previous DC-TDHF study [66] , where it was shown that the fusion barriers for the two systems have essentially the same height but the fusion barrier for the 48 Ca+ 132 Sn system was much wider than that for the 40 Ca+ 132 Sn system. We see in Fig. 3(a) a strong reduction of the isoscalar barrier due to the isovector contribution. This behavior is similar to that of the previous two systems albeit the isovector reduction is somewhat larger as shown in the insert of Fig. 3(a) . We then performed the same calculation for the 48 Ca+ 132 Sn system as shown in Fig. 3(b) . The startling result is the vanishing of the isovector contribution. With no isovector reduction the fusion barrier for this system is much wider than that for the 40 Ca+ 132 Sn system for which substantial reduction occurs. The absence of the isovector component for the 48 Ca+ 132 Sn system could be a reflection of the negative Q values for neutron pickup. This is the first direct observation of this phenomena in microscopic calculations. This may also explain why for the 48 Ca+ 132 Sn system simply considering the 2 + and 3 excitations of the target and projectile in coupled-channel calculations is able to reproduce the subbarrier fusion cross-sections, whereas doing the same for the 40 Ca+ 132 Sn system grossly under-predicts the cross-sections. In Ref. [17] , this was attributed to transfer which manifests itself in the isovector dynamics. In all the studied systems, we observe an isovector reduction in the presence of positive Q values for transfer channels. This can be understood from the C dynamical effects. For instance, systems with N/Z asymmetries encounter a rapid charge equilibration (transfer of protons and neutrons in opposite directions) [52] which has a strong impact on v 1 [51] . This is illustrated in Fig. 9 for the 16 
O+ 208
Pb system, where a large reduction of the potential inside the barrier is induced by isovector transfer. The resulting effect on the inner part of the potential is then opposite to the Pauli repulsion.
We then used this technique to investigate the impact of transfer on heavier systems where experimental signatures are not so clear [4, 53] . The isovector reduction of the potential due to transfer channels depends naturally on the presence of positive Q−value transfer channels. As shown in Fig. 9 , isovector reduction is observed in 40 Ca+ 132 Sn which has several positive Q−value transfer channels, but not in 48 
Ca+
132
Sn which has no positive Q−value transfer channel. This is also confirmed by the proton number distributions in the heavy fragments obtained just below the barrier from a particle number projection technique [54] which show almost no proton transfer in 48 
Ca+
132
Sn (left panels in Fig. 9 ; see also Ref. [46] and K. Vo-Phuoc's contribution). A similar effect (not shown in Fig. 9 ) is observed for neutron transfer.
The above analysis provides an explanation for the fact that fusion in the 48 
Ca+
132
Sn system is relatively well explained by standard CC calculations neglecting transfer, whereas they underpredict the fusion cross sections in 40 Ca+ 132 Sn [55] . Indeed, transfer is expected to increase sub-barrier fusion in the latter system thanks to a narrowing of the barrier (see Fig. 9-a) . As DCTDHF potentials account both for transfer effects and Pauli repulsion, the calculated sub-barrier fusion cross-sections from such potentials are in relatively good agreement with experiment [35] , despite the fact that these calculations have no adjustable parameters.
